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Nonlinear Vibration Analysis of
Single-Walled Carbon Nanotube
With Shell Model Based on the
Nonlocal Elasticity Theory
In this paper, nonlinear vibration of a single-walled carbon nanotube (SWCNT) with sim-
ply supported ends is investigated based on von Karman’s geometric nonlinearity and
nonlocal shell theory. The SWCNT is designated as an individual shell, and the Donnell’s
formulations of a cylindrical shell are used to obtain the governing equations. The
Galerkin’s procedure is used to discretized partial differential equations (PDEs) into the
ordinary differential equations (ODEs) of motion, and the method of averaging is applied
to obtain an analytical solution of the nonlinear vibration of (10,0), (20,0), and (30,0)
zigzag SWCNTs. The effects of the nonlocal parameters, nonlinear parameters, different
aspect ratios, and different circumferential wave numbers are investigated. The results of
the classical and the nonlocal models are compared with different nonlocal elasticity
constants ðe0aÞ. It is shown that the nonlocal parameter predicts different resonant fre-
quencies in comparison to the local models. The softening and/or hardening nonlinear
behaviors of the CNTs may change against the nonlocal parameters. Hence, considering
the geometrical nonlinearity and the nonlocal elasticity effects, the dynamical models
of the SWCNTs predict their vibration behaviors accurately and should not be ignored
during theoretical modeling. [DOI: 10.1115/1.4030753]
Keywords: nonlinear vibration, nonlocal elasticity theory, carbon nanotubes, averaging
method
1 Introduction
Nanotechnology is a novel field of science and technology,
which deals with the development of materials, structures,
and devices at the nanoscale. One of the most interesting nano-
structures is the CNT, which presents excellent mechanical and
electrical properties. Analyzing the vibration of nanostructures is
an important topic in nanotechnology and understanding the nano-
vibration behavior is significant for designing the nanomechanical
devices such as oscillators, charge detectors, field emission
devices, and sensors [1].
There are three major methods for modeling of the mechanical
properties of CNTs: experiments, molecular dynamics (MD), and
the continuum mechanics. The experimental techniques of deter-
mining the mechanical properties of CNTs mainly use an atomic
force microscope (AFM), to apply different mechanical loads on
the CNTs and measure the corresponding response. This method
will be more accurate if the experimental conditions, such as the
geometry, sizes, lattice orientations, and the defects of the CNT,
are controllable. Moreover, it is expensive and has some size limi-
tations due to the dimension of the AFM’s tip and measuring
methods, and its input forces are not well accurate. One of the
most widely used computational simulation methods is MD,
which looks at the interaction between the atoms or molecules in
a nanosystem. It is usually a more accurate method relative to the
other methods and can be used to study small systems. However,
its precision is sometimes hard to verify.
Considering the limited applications of MD and experimental
methods, continuum modeling is considered to be an appropriate
simple alternative method of studying mechanical properties of
CNTs [2]. In this approach, the CNTs are modeled as continuous
structures like beams or thin cylindrical shells.
Continuum beam theories were widely applied in the literatures
to simulate the mechanical properties and dynamical behavior of
CNTs [3]. Continuum modeling of CNTs is usually done using
the nonlocal form of the classical beam models such as the
Euler–Bernoulli [4,5], the Timoshenko [6], and the higher order
shear deformation theories [7,8]. Most of these papers focused on
the linear behavior of the nanotubes, while the nonlinear models
were also considered in literatures. The geometric nonlinearity
[9–11], imperfection [12], and rippling deformations [13,14]
are the nonlinear parameters which were investigated using the
beam-based continuum models.
In all the previous studies, the continuum beam models are
directly applied to investigate bending, buckling, and vibration of
CNTs. Using continuum beam models is a simple approach to
simulate the bending vibration deformation of CNTs, while they
are not able to show all internal modes of CNTs such as breathing
deformations [15]. Hence, several investigations were done on the
CNTs modeling using shell theories. Yakobson et al. [16] used a
traditional continuum shell model to predict the buckling of an
SWCNT and compared the results with the MD simulation. Ru
et al. [17] proposed the buckling analysis of the CNTs with shell
models. Sun and Liu [18] investigated the free vibration of
the multiwalled CNTs, by using Donnell’s shell equations.
Elishakoff and Pentaras [19] evaluated the fundamental natural
frequencies of double-walled CNTs (DWCNTs) under various
boundary conditions. They found approximate solutions by using
Bubnov–Galerkin and Petrov–Galerkin methods and derived an
explicit formula for DWCNTs.
Previous experiments and theoretical investigations revealed
that the behavior of the nanotubes, especially in large deforma-
tions, is nonlinear inherently [20,21]. Till now, most of the inves-
tigations were limited to the linear vibration of nanotube, but
investigations of the geometric nonlinearities behavior are
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seldom. Nanotubes can undergo large deformations within the
elastic limit and the nonlinear analysis is clearly essential. There-
fore, nonlinear analysis is important to get better analytical vibra-
tional models. The authors of this paper tackled the problem of
the nonlinear vibrating SWCNTs using continuum local shell
theory in Ref. [22], while the effects of the nonlocal elasticity will
be considered here as an improved analytical model.
The material properties at the nanoscale depend on the size and
small-scale effects should be considered for a better prediction of
the mechanical behavior of nanostructures. The theory of nonlocal
elasticity, proposed by Eringen [23], assumes that the stress at a
given point is a function of the strain field at every point in the
body. Ke et al. [24] investigated the nonlinear free vibration of an
embedded DWCNT using the nonlocal Timoshenko beam theory.
Yang et al. [25] studied the nonlinear free vibration of
SWCNTs based on von Karman’s geometric nonlinearity and
Eringen’s nonlocal elasticity theory. They have modeled the
SWCNTs as the nanobeams and used Timoshenko beam theory.
Ghorbanpour et al. applied the averaging method to solve the non-
linear shell model of an embedded DWCNT conveying fluids
[26], and Ansari et al. [27] investigated the free vibration of a
DWCNT which modeled with the classical Donnell shell theory
and accounting for small-scale effects. They showed that the
present nonlocal continuum shell model with its correct values of
nonlocal parameter has a good capability to predict the vibrational
behavior of DWCNTs accurately. A full review on the modeling
of the CNTs can be found in Ref. [2], which shows that the
simultaneous effects of nonlocal continuum shell theory with the
geometrical nonlinearity on vibrations of the SWCNTs has not
been considered yet.
Vibrations of a SWCNT based on the Donnell’s shell model are
investigated. Geometrically, nonlinearity and nonlocal elasticity
theories have been used in the continuum models to get a more
accurate vibration behavior of a nanotube. To reduce the problem
to the solution of nonlinear algebraic and nonlinear differential
equations, the Galerkin’s procedure and the method of averaging
are employed. Examining the influences of the nonlocal parame-
ters, nonlinear parameters, different aspect ratios, and the vibra-
tion modes on the nonlinear vibration behavior using analytical
approaches are considered as the main contribution of this paper.
The nonlocal parameter is taken as (e0a¼ 0, 0.5, 1, and 1.5 nm) to
investigate the nonlocal effects on the dynamic responses. The
results show that the nonlocal parameters have a significant effect
on the nonlinear vibration of a SWCNT. Accordingly, to increase
the accuracy of the nonlinear vibration frequencies of SWCNTs,
an influence of the small scale on the nanotubes should be
considered.
2 Mathematical Formulation
Consider a thin-walled simply supported shell with radius of R,
thickness h, and length l. The cylindrical coordinate system (O, x,
r, h) is chosen, with the origin O placed at the center of one end
of the shell [28].The displacements of the shell are denoted by
u, v, and w in the axial, circumferential, and radial directions,
respectively (Fig. 1).
When the shell deflection w is of the same order of the magni-
tude as the shell thickness h, results obtained by using the linear
theories become quite inaccurate; therefore, a theory of large
deflections (von Karman theory) is developed in cylindrical coor-
dinates. In Donnell’s nonlinear theory, only nonlinear terms that
depend on w are retained and all other nonlinear terms are
neglected. The strain components ex; ey; cxh at an arbitrary point of
shell are related to the middle surface strains ex;0; ey;0; cxh;0 as well
as the changes in the curvature and torsion of the middle surface
kx; ky; kxh [29,30]
ex ¼ ex;0 þ zkx
eh ¼ eh;0 þ zkh
cxh ¼ cxh;0 þ kxh
(1)
where z is the distance of the arbitrary point of the shell from the
middle surface. If von Karman theory is used, the following
expression for the middle surface strains and the changes in the

















































where kx, kh, and kxh change in curvature and torsion of the middle
surface. The Kirchhoff stresses for a homogeneous and isotropic
material are given by
rx ¼
E
1 t2 ðex þ tehÞ
rh ¼
E





where rx; rh; and sxh are the stress components in x and h direc-
tions, E is the elasticity modulus, and t is the Poisson ratio.
The elastic strain energy U of a circular cylindrical shell is
given by [32]
Fig. 1 Cylindrical shell representation of SWCNT
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ðrxex þ rheh þ rzez þ sxhcxh þ szhczh þ szxczxÞdxRdhdz
(5)















Substituting Eqs. (1) and (3) into Eq. (6) and integrating with

















C ¼ Ehð1 t2Þ
(7)
where D ¼ Eh3= 12ð1 t2Þð Þ is the flexural rigidity, R is the shell
radius, and q is the shell mass density.




FFðu;x; u;h; v;x; v;h;w;x;w;h;w;xx;w;hh;w;xhÞdxdh (8)
where the partial differential symbols are defined as ;x  ð@u=@xÞ,
;xh  ð@2=@x@hÞ, …
Based on the principal of the virtual works and the variation



























































By using Eqs. (1)–(9), the stress and moment resultants can be

















































































3 The Nonlocal Elastic Shell Model
Due to the nonlocal elasticity theory, the stress at a reference
point x is considered to be the function of the strain field at every
point in the body. Thus, the theory of nonlocal continuum
mechanics contains information about the long-range forces
between atoms, and the internal length scale is introduced into the
constitutive equations simply as a material parameter. The basic
equations for linear, homogeneous, isotropic, and nonlocal elastic




að x0  xj j; sÞTðx0Þdx0
TðxÞ ¼ CðxÞ : eðxÞ
(12)
where TðxÞ is the classic stress tensor at point x, eðxÞ is the strain
tensor, C(x) is the fourth-order elasticity tensor, and “:” denotes
the “double-dot product.” ðað x0  xj jÞ; sÞ is the nonlocal modulus
or attenuation function incorporating into the constitutive equa-
tions of the nonlocal effects at the reference point x produced by
the local strain at the source. x0  x0  xj j is the Euclidean distance,
s ¼ e0a=l is defined as small scale factor, where e0 is the small
scaling parameter to adjust the model to match the reliable results
by experiments or other models, and a is the internal characteristic
length (e.g., the length of C–C bond, the lattice spacing, and the
granular distance), and l represents the external characteristics
length of the nanostructure. In the context of two-dimensional
nonlocal elasticity, the equivalent of Eq. (12) in a differential
form can be expressed as









when the nonlocal parameter e0a gets zero, the nonlocal elasticity
reduces to the classical (or local) elasticity theory. Following
Eringen’s theory and using Eq. (13), the nonlocal elasticity based
on the stress–strain relationships is in the following form [34,35]:
rx  ðe0aÞ2r2rx ¼
E
ð1 t2Þ ðex þ tehÞ
rh  ðe0aÞ2r2rh ¼
E
ð1 t2Þ ðeh þ texÞ




Since the nonlocal parameter is in the range of 0  e0a  2 nm
for a SWCNT (as proposed by Wang et al. [36]), the nonlocal
parameter in this paper is taken as e0a¼ 0, 0.5, 1, and 1.5 nm to
investigate the nonlocal effects on the dynamic responses.
Substitution of Eq. (1) into Eq. (14) yields the following result-
ant forces and momentums [37]:
Nx ¼ Cðex þ tehÞ þ ðe0aÞ2r2Nx






Mx ¼ Dðkx þ tkhÞ þ ðe0aÞ2r2Mx






By substituting Eqs. (15) and (16) into Eq. (9), the Donnell’s
nonlocal governing equations of the equilibriums can be obtained
as follows:
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where dot stands for the derivative respect to time t and F is
the in-plane Airy stress function. The biharmonic operator in










The forces per unit length in the axial and circumferential direc-















In this study, the attention is focused on a finite, simply sup-
ported ends, circumferentially closed circular cylindrical shell
with length l. The following boundary conditions are imposed as:
 ¼ w ¼ 0; Nx ¼ 0; Mx ¼ 0 (21)
4 Solution Procedure
Equations (17) and (18) can be solved approximately, by
choosing a vibration mode of w, solving Eq. (18) for F, and using
Galerkin’s method in Eq. (17) as the last step.
The radial displacement w is expanded by using the linear shell
Eigen modes as basis; in particular, the flexural response may be
written as follows [38,39]:










where m is the axial wave number (equal to the number of
half-waves along the shell), and n is the circumferential wave
number. The amplitude function A(t) is an unknown generalized
time function of the vibration.
Substituting the expansion of w from Eq. (22) into the right-
hand side of Eq. (18), and solving for the particular solution,
leads to
Fp ¼ E  h










where A1, A2, and A3 values are not reported here for the sake of
brevity and can be found in Sec. 1 of the Appendix.
By substituting Eqs. (22) and (23) into Eq. (17), this equation
can be solved. As there is no closed-form exact solution for this
problem, the Galerkin’s technique was employed to obtain an
approximate solution consequently.
4.1 Galerkin’s Method. The Galerkin’s method employs any
set of basic functions u, and approximates the nonlinear PDE by
transforming it into a finite set of coupled ODEs. The Galerkin
projection of the equation of motion (17), in this case, can be
expressed as [29,40]







ðDr4wþ qh w:: ¼ ::::Þ  /ðx; hÞdxRdh (24)
where the Galerkin’s weighting function is
/ ¼ @w
@A










After the evaluating the integrals, an ordinary nonlinear differen-


















































~a values are not reported here for the sake of brevity and can be
found in Sec. 2 of the Appendix.
4.2 Averaging Method. The ordinary nonlinear differential
equation (26) cannot be solved yet exactly. But an approximate
solution can be obtained by the procedure known as the method of
averaging [41]. The unknown function AðtÞ is taken to be in the
form
AðtÞ ¼ kðtÞ cosðxtþ bðtÞÞ
_AðtÞ ¼ kðtÞx sinðxtþ bðtÞÞ
€AðtÞ ¼ kðtÞx2 cosðxtþ bðtÞÞ  _kðtÞx sinðxtþ bðtÞÞ
 kðtÞ _bðtÞ cosðxtþ bðtÞÞ
(27)
In this paper, the steady-state response of the system is consid-
ered, which means that the average values kðtÞ and bðtÞ remain
steady with time. In this case, the average derivative _bðtÞ is identi-
cally zero, and Eq. (26) can be reduced to
~a1kþ ~a2k3 þ ~a3k3x2 þ ~a4kx2 þ ðe0aÞ2~a5k3x2 þ ðe0aÞ2~a6kx2
¼ ½ð~a7k3 þ ~a8kþ ~a9k5 þ ðe0aÞ2~a10kþ ðe0aÞ4~a11k
þ ðe0aÞ2~a12k3 þ ðe0aÞ2~a13k5 þ ðe0aÞ4~a14k3
þ ðe0aÞ4~a15k5Þ=½ð~a16 þ ðe0aÞ2~a17 þ ðe0aÞ4~a18 þ ðe0aÞ6~a19Þ
(28)
The definition of ~ais is reported in Sec. 3 of the Appendix.
The resulting of nonlinear algebraic equations may conven-
iently be represented in terms of the dimensionless variables
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l ¼ ðe0aÞ  n
R























where xmn is the linear vibration frequency, l is the nondimen-
sional nonlocal parameter, e is the nonlinearity parameter, n is the
aspect ratio parameter, and X is the nondimensional frequency.
 X2ðð1þ l2a1ÞAþ a2A
3Þ þ a3Aþ a4A
3 þ a5A
5 ¼ 0 (30)
The nonlinear vibration approaches to linear behavior when e! 0
and, with the rise of e, the nonlinearity of the system increases.
5 Results Verification
By assuming e0a ¼ 0 nm, the current formulation reduces to
the nonlinear local formula reported by Evensen [39] and as it
can be seen in Table 1, when the nonlocal parameter e0a is very
close to zero (e0a ¼ 0:01 nm), the predicted nonlinear frequency
is almost equal to what reported in Ref. [39]. While with
e0a ¼ 1 nm, the nonlocal parameters come into play and the devi-
ations between the nonlocal and local results become more
significant.
6 Numerical Results and Discussion
Three zigzag (10, 0), (20, 0), and (30, 0) SWCNTs are selected
to evaluate their nonlinear vibration behaviors. The corresponding
geometries have been reported by Gupta et al. [42] (Table 2).
Figures 2 and 3 show the influence of the nonlocal parameters
e0a on the frequency ratios of a (10, 0) zigzag SWCNT with the
aspect ratio n ¼ ð1=4Þ and n ¼ 4, respectively. The nonlinear
parameter is considered as e ¼ 0:0559. The axial and circumferen-
tial wave numbers are chosen as m¼ 1 and n¼ 1 with different
values of the nonlocal parameters e0a ¼ 0; 0:5; 1; and 1:5 nm. It
is seen from Fig. 2 that the increment of the nonlocal parameters
decreases the nonlinear behavior of the nanotube with increasing
the softening behavior. It means that an increase in the nonlocal
parameter caused the softening behavior to continue up to larger
amplitudes. For instance, as Fig. 2 reveals, changing in the vibra-
tion behavior from the softening type into the hardening type
occurred at amplitude 7.05 using local theory (e0a ¼ 0 nm), while
in nonlocal form with e0a ¼ 1:5 nm, it occurs at amplitude 8.85.
Figure 3 shows that increasing the nonlocal parameter declined
the nonlinear behavior of the nanotube. Moreover, the model rep-
resents only the hardening behavior for all range of vibration
amplitude.
Figures 4 and 5 reveal the variations of the frequency ratio
against the nonlocal parameter for both n ¼ 1=4 (long nanotube)
and n ¼ 4 (short nanotube) for different amplitudes. Figure 4 is
plotted for the amplitude range between A ¼ 5 nm and A ¼ 15 nm
with the different nonlocal parameters 0  e0a  2 nm.
Table 1 Local and nonlocal frequencies of the SWCNT, verification of the results
n e X (Ref. [39] and present study with e0a ¼ 0 nm) X (present study) e0a ¼ 1 nm X (present study) e0a ¼ 0:01 nm
1
4
0 1 0.9999999999 1
0.01 0.9134970962 0.9712176002 0.9135113274
0.1 0.7534025509 0.9466466704 0.7534862388
1 0.8415883879 0.8582509652 0.8415519329
2 0 1 1 1
0.01 1.031175412 1.045485728 1.031263692
0.1 1.341899079 1.236556788 1.342082467
1 2.267650503 1.506669286 2.265575360
Table 2 Geometries of SWCNTs
Tube ðp; qÞ Radius (R) (Å) t h (Å) E (T Pa) D (eV)
(10,0) 3.713 0.265 0.878 3.939 1.389
(20,0) 7.420 0.238 1.251 2.704 2.811
(30,0) 11.129 0.227 1.340 2.493 3.244
Fig. 2 An influence of the nonlocal parameters on the vibra-
tion behavior for n 5 1=4
Fig. 3 Influence of nonlocal parameter on vibration frequen-
cies n 5 1=4
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This figure shows that the effect of the nonlocal parameter on
changing the frequency ratio is not significant when the amplitude
varies between A ¼ 10:7 and A ¼ 10:9. This area is equivalent to
the critical point mentioned in Fig. 2 and is called critical area
afterward. Figure 5 plots the frequency ratio against the nonlocal
parameter e0a for the amplitude range from A ¼ 5 nm to
A ¼ 15 nm and for a short SWCNT (n ¼ 4). No critical area can
be observed in this figure because as it can be seen in Fig. 3, the
vibration behavior consists of only hardening type in all vibration
amplitudes.
Figure 6 shows the influence of the different nonlinear parame-
ters e on the vibration behavior of three different zigzag SWCNTs
(10, 0), (20, 0), and (30, 0). The aspect ratio of these three
SWCNTs is equal to n ¼ 1=4. The axial and circumferential wave
numbers are m¼ 1 and n¼ 1, correspondingly. Likewise, it shows
the influence of the nonlocal parameter ðe0a ¼ 1 nmÞ on the
vibration behavior and compares the results of the nonlocal theory
with the classical continuum shell theory. It is seen that the non-
linear behavior increases with increasing the nonlinear parameter
e in local model. For example, (10, 0) zigzag SWCNT shows the
most nonlinear behavior among the other SWCNTs. However, it
is observed the opposite behavior for the nonlocal theory and the
(10, 0) zigzag SWCNT is less nonlinear than the (20, 0) zigzag
SWCNT in both softening and hardening parts of the response
curves.
Figures 7 and 8 demonstrate the influence of the aspect ratios
on the vibration behavior of (10, 0) zigzag SWCNTs. It should be
reminded that the length of the nanotube increases with reduction
of n. The axial and circumferential wave numbers are set as m¼ 1
and n¼ 1. These figures show the influence of the nonlocal
parameter e0a ¼ 1 nm on the vibration behavior of the nanotube
with the different aspect ratios and compare the results with the
classical continuum shell theory.
Fig. 4 Influence of nonlocal parameter on vibration frequen-
cies for different amplitudes n 5 1=4
Fig. 5 Influence of nonlocal parameter on vibration frequen-
cies for different amplitudes n 5 4
Fig. 6 An influence of the nonlinear parameters on the vibra-
tion behavior of the nanotubes
Fig. 7 An influence of the different aspect ratio on vibration
behavior for n 5 1=2ð Þ; 1=4ð Þð Þ
Fig. 8 An influence of the different aspect ratio on vibration
behavior for ðn 5 2;4Þ
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Figure 7 shows the influence of the different aspect ratios on
the vibration behavior for the long nanotube. In long SWCNTs,
the softening behavior goes up by increasing the length of the
nanotube. Moreover, below the critical point, the difference
between nonlocal and local theory decreases by the length of the
nanotube. However, for the amplitudes higher than the critical
point, this pattern is reversed. It means that for the long nanotube,
both theories could be used, while the nonlocal theory still shows
more accurate results.
Figure 8 shows the influence of the different aspect ratios on
the vibration behavior for the short nanotubes. The vibration
behavior of these kinds of nanotubes is hardening type and it
increases with the length of the nanotubes. Moreover, it is
obtained that the difference between the nonlocal theory and the
classical local theory increases with the length reduction. It means
that to obtain more accurate results, the nonlocal theory should be
used for modeling of short CNTs. Figure 9 shows the difference
between the local and nonlocal theory respect to different aspect
ratio n and for a small amplitude ð A ¼ 7Þ. Length reduction
parameter n changes with the length inversely, and as it can be
seen that, for short SWCNTs with high values of n, the difference
between nonlocal and local theories becomes more obvious than
for the long nanotubes. Hence, the local theory can be applied for
long SWCNTs instead of nonlocal theory with relatively lower
approximation respect to the short ones.
Figure 10 shows the influence of the different circumferential
wave numbers (n¼ 1, 2, and 5) on the vibration behavior of a
(10,0) zigzag SWCNT. Furthermore, it demonstrates the influence
of the nonlocal parameter ðe0a ¼ 1 nmÞ with the different circum-
ferential wave numbers and compares the results of the nonlocal
theory with the classical local continuum shell theory. The results
reveal that increasing the circumferential wave numbers of (10, 0)
SWCNT raises the nonlinear parameter and declined the aspect
ratio in the softening part. Hence, the softening behavior of the
CNT increases with the wave number despite the fact that the
hardening behavior reduces with n. Moreover, it is seen that
the difference between the nonlocal and classical theory fell with
the circumferential wave number and for large vibration ampli-
tudes. Another interesting phenomenon that can be observed in
this figure is that the transition point between softening and hard-
ening behaviors for each specific circumferential wave number
occurs at higher amplitude for nonlocal theory compared to the
local theory.
7 Conclusion
In this paper, the nonlinear free vibrations of a SWCNT are
investigated based on Eringen’s nonlocal elasticity theory and von
Karman’s geometric nonlinearity. The SWCNT is considered as
a thin circular cylindrical shell with simply supported ends.
Governing equations are obtained by Donnell’s shell theory. The
influences of the nonlocal parameters, nonlinear parameters,
different aspect ratios, and the vibration mode on the nonlinear
vibration behavior are taken into account. The Galerkin’s
procedure and the method of averaging are employed for solving
nonlinear equations. The nonlocal parameter is taken as
ðe0a ¼ 0; 0:5; 1; and 1:5 nmÞ to investigate the nonlocal effects
on the vibration behavior. The results which obtained considering
the (10, 0) zigzag SWCNT shows that the nonlocal parameter has
a great influence on the nonlinear vibration behavior of the CNT.
It is seen that the increase of the nonlocal parameters causes the
softening behavior occurs in larger range of amplitudes. More-
over, it was obtained that at the small amplitude, the difference
between the nonlocal theory and the classical theory decreased by
the length of the nanotube. It means that for the long nanotube at
the small amplitude, both theories could be used for consideration
of the vibration behavior of the nanotube. In this study, the effects
of the different circumferential wave numbers are considered as
well, and it is observed that the transition amplitude between soft-
ening and hardening behaviors increases when nonlocal theory is
considered.
Nomenclature
D ¼ flexural rigidity
E ¼ Young’s modulus
e0a ¼ nonlocal parameter
Fðx; h; tÞ ¼ stress function
FF ¼ integrand
h ¼ nanotube wall thickness
kx; kh; kxh ¼ changes in the curvature and torsion biharmonic
operator r4
l ¼ length of nanotube
m,n ¼ axial and circumferential wave numbers
Mx;Mh;Mxh ¼ couple resultants
Nx;Nh;Nxh ¼ stress resultants
R ¼ radius of SWCNT
u, v, w ¼ axial, circumferential, and radial displacements
U ¼ strain energy
x; h; z ¼ axial, circumferential, and radial coordinates
ðp; qÞ ¼ chiral vector
e ¼ nonlinear parameter
ex; eh; cxh ¼ axial, circumferential, and shear strains
e0;x; e0;h; c0;xh ¼ middle surface strains
xmn ¼ linear vibration frequency
X ¼ nondimensional frequency
q ¼ mass density
Fig. 9 Influence of the length on the nonlocal theory ðA 5 7Þ
Fig. 10 An influence of the different circumferential wave num-
bers on the vibration behavior
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rx; rh; sxh ¼ Kirchhoff stresses
t ¼ Poissen’s ratio
u ¼ weighting function
n ¼ aspect ratio
Appendix: Introducing the Parameters

























R3l2ðm4p4l2R6 þ n4l6R2 þ 2m2p2n2

































































R3ð81R12m8p8l4  15R4l12n8  1178R8m4p4l8n4









R3ð729R12m12p12  63l12n12  15225R4m4p4l8n8
þ 2430R10m10p10n2l2  45116R6m6p6l6n6









þ 729R6m6p6 þ 5l6n6Þm4p5
~a16 ¼ 2R5l6n2ð27R2m2p2l4n4 þ 729R6m6p6
þ 243R4m4p4l2n2 þ l6n6Þm4p5
~a17 ¼ ðR2 þ 4ðe0aÞ2n2Þl3Þ







 ð9R2p2m2 þ l2n2Þ2ðR2p2m2 þ l2n2Þ2

~a19 ¼ ðR2 þ 4ðe0aÞ2n2Þl3Þ ðR2p2m2 þ l2n2Þ3ð9R2p2m2 þ l2n2Þ3
 



































ðR2p2m2 þ 5l2n2ÞðR2p2m2  3l2n2Þ
 ð9R2p2m2 þ l2n2Þ2

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p6R7m4l6hEðð9R2m2p2 þ 5l2n2Þð9R2m2p2 þ l2n2Þ2Þ






ð5R4p4m4 þ 26l2n2R2p2m2 þ 13l4n4Þ












ðR4p4m4 þ 6l2n2R2p2m2 þ 21l4n4Þ







ð73R4p4m4 þ 10l2n2R2p2m2 þ l4n4Þ
 ðl2n2 þ 5R2p2m2Þ





ð5R2p2m2 þ 3l2n2ÞðR2p2m2 þ l2n2Þ2




ð50l2R2p2m2n2 þ 9l4n4 þ 9R4m4p4Þ
 ðR2p2m2 þ l2n2Þ2ð9R2p2m2 þ l2n2Þ2

~a19 ¼ 4l3n2 ðR2p2m2 þ l2n2Þ3ð9R2p2m2 þ l2n2Þ3
 
4 Parameters in Eq. (30)




















en4ðl2n6 þ 3l2n4 þ n4 þ 2n2 þ 3l2n2  63l2  15Þ




ðe2n4ðl2 þ 365l2n6 þ 15l2n2 þ 1þ 123l2n4 þ 10n2 þ 41n4ÞÞ
ð810l2n10 þ 1962l2n8 þ 1540l2n6 þ 436l2n4 þ 50l2n2 þ 1540l4n6 þ 327l4n4 þ 30l4n2
þ 2430l4n10 þ 2943l4n8 þ 1þ 2l2 þ 729l4n12 þ 81n8 þ 118n4 þ 180n6 þ 20n2 þ l4Þ
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